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Abstract: We study the minimal unitary representation (minrep) of SO(5, 2), obtained
by quantization of its geometric quasiconformal action, its deformations and supersym-
metric extensions. The minrep of SO(5, 2) describes a massless conformal scalar field in
five dimensions and admits a unique “deformation” which describes a massless conformal
spinor. Scalar and spinor minreps of SO(5, 2) are the 5d analogs of Dirac’s singletons of
SO(3, 2). We then construct the minimal unitary representation of the unique 5d super-
conformal algebra F (4) with the even subalgebra SO(5, 2) × SU(2). The minrep of F (4)
describes a massless conformal supermultiplet consisting of two scalar and one spinor fields.
We then extend our results to the construction of higher spin AdS6/CFT5 (super)-algebras.
The Joseph ideal of the minrep of SO(5, 2) vanishes identically as operators and hence its
enveloping algebra yields the AdS6/CFT5 bosonic higher spin algebra directly. The en-
veloping algebra of the spinor minrep defines a “deformed” higher spin algebra for which
a deformed Joseph ideal vanishes identically as operators. These results are then extended
to the construction of the unique higher spin AdS6/CFT5 superalgebra as the enveloping
algebra of the minimal unitary realization of F (4) obtained by the quasiconformal methods.
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1 Introduction
In previous work we gave a construction of the minimal unitary realization of the Lie
algebra of four-dimensional conformal group SU(2, 2) and showed that it admits a one-
parameter family of deformations [1]. The minimal unitary representation (minrep) and
its deformations describe all the massless conformal fields in four dimensions, and the
deformation parameter is simply the helicity which can take on continuous values. These
results were also extended to the superalgebras SU(2, 2|N), and it was shown that minimal
unitary supermultiplet and its deformations describe massless N -extended superconformal
multiplets in four dimensions. For PSU(2, 2|4), the minimal unitary supermultiplet is
simply the N = 4 Yang-Mills supermultiplet [1].
Minimal unitary representation of six-dimensional conformal group SO(6, 2) ≈ SO∗(8)
and its deformations and their supersymmetric extensions were studied in [2, 3]. Particu-
larly in [2], it was shown that the minimal unitary representation of SO(6, 2) corresponds
to a massless conformal scalar field in six dimensions, and it admits a discrete infinite
family of deformations, labelled by the spin t of an SU(2) subgroup of the little group
SO(4) of massless particles, which is the six-dimensional analog of four-dimensional helic-
ity. This infinite family of unitary irreducible representations of SO∗(8) are isomorphic to
the doubleton irreps of SO∗(8) constructed in [4, 5] using covariant twistorial oscillators.
These results were also extended to six-dimensional conformal supergroups OSp(8∗|2N)
with the even subgroup SO∗(8) × USp(2N) in [3]. The minimal unitary supermultiplet of
OSp(8∗|2N) also admits a discrete infinite family of deformations, labelled by the spin t of
the SU(2) subgroup that describe massless conformal supermultiplets in six dimensions.
For OSp(8∗|4), the minimal unitary supermultiplet is the (2, 0) conformal supermultiplet
that was first constructed in [4]. The existence of an interacting non-gravitational theory
of (2, 0) conformal supermultiplets that arise in a singular limit of ten-dimensional type IIB
string theory with a codimension four singularity of ADE-type was predicted by Witten
[6].
The Kaluza-Klein spectrum of IIB supergravity over AdS5×S5 was first obtained back
in 1984 in [7] by tensoring the CPT self-conjugate doubleton supermultiplet of PSU(2, 2|4)
repeatedly with itself and restricting to the CPT self-conjugate short supermultiplets. The
authors of [7] also pointed out that the CPT self-conjugate doubleton of PSU(2, 2|4) does
not admit a Poincare´ limit in AdS5, and its field theory that lives on the boundary is
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the four-dimensional N = 4 super Yang-Mills theory which was known to be conformally
invariant. Later Maldacena proposed the duality between type IIB superstring theory on
AdS5 × S5 and the N = 4 SU(N ) super Yang-Mills theory in the large N limit [8].
Again back in 1984, the spectrum of eleven-dimensional supergravity was obtained
by tensoring the (2, 0) supermultiplet of OSp(8∗|4), and it was pointed out that the field
theory of the scalar doubleton supermultiplet lives on the boundary of AdS7 as a confor-
mally invariant field theory [4]. The interacting six-dimensional conformal theory of (2, 0)
multiplets is also believed to be dual to M-theory over AdS7 × S4 [8].
The fact that the N = 4 Yang-Mills supermultiplet and the (2, 0) supermultiplet are
the minimal unitary supermultiplets of PSU(2, 2|4) and OSp(8∗|4), respectively, shows
their fundamental importance from a mathematical point of view as well.
More recently the results of [1–3] were reformulated in terms of deformed twistors in
four and six dimensions that transform nonlinearly under the Lorentz group and applied
to higher spin theories in AdS5 and AdS7 [9, 10]. One finds that the enveloping algebras of
the minimal unitary realizations of SU(2, 2) and SO∗(8), obtained by the quasiconformal
methods, yield directly the higher spin algebras in AdS5 and AdS7. The bosonic higher
spin algebras in AdSd, as studied by Fradkin, Vasiliev and their collaborators [11, 12],
correspond to the enveloping algebras of the AdSd Lie algebras SO(d − 1, 2) quotiented
by a two sided ideal. That the Fradkin-Vasiliev higher spin algebra in AdS4 is simply
the enveloping algebra of the singletonic realization of SO(3, 2) was pointed out long time
ago in [13]. Vasiliev showed that the enveloping algebra of AdSd group SO(d− 1, 2) must
be quotiented by the ideal that is the annihilator of the scalar singleton representation
[14]. Later Eastwood identified this ideal to be the Joseph ideal of the minimal unitary
representation of SO(d− 1, 2) [15].
The quasiconformal realization of the minimal unitary representation of symplectic
groups coincides with the realization as bilinear of oscillators [16] and the Joseph ideal
vanishes identically [9]. That is why the enveloping algebra of the singletonic realization
of Sp(4,R) ≈ SO(3, 2) as bilinears of covariant twistorial oscillators leads directly to the
Fradkin-Vasiliev higher spin algebra in AdS4. For the doubletonic realization of the mini-
mal unitary representation of AdS5 group SO(4, 2) and AdS7 group SO(6, 2), in terms of
bilinears of covariant twistorial oscillators, the Joseph ideal does not vanish identically as an
operator. However for their minreps obtained by quasiconformal methods, the Joseph ideal
vanishes identically as an operator [9, 10] both in AdS5 and AdS7, respectively. Hence their
enveloping algebras yield directly the corresponding bosonic higher spin algebras. Simi-
larly for each deformed minrep there is a deformed ideal that vanishes identically. Taking
their enveloping algebras lead to a continuous one-parameter family of higher spin alge-
bras and superalgebras in AdS5 and a discrete infinite family of higher spin algebras and
superalgebras in AdS7 [9, 10].
In this paper we extend the above mentioned results to AdS6/CFT5 group SO(5, 2)
and its unique supersymmetric extension, namely the exceptional supergroup F (4) with
the even subgroup SO(5, 2)× SU(2). We shall first review the construction of the minrep
of SO(5, 2) by quantization of its geometric realization as a quasiconformal group following
[16]. We show that it corresponds to a conformal massless scalar field in five dimensions.
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We then study the possible deformations of the minrep and find only a single deformation
corresponding to a conformally massless spinor field in five dimensions. This is similar
to the situation in three dimensions, where the only conformally massless fields are a
scalar and a spinor field corresponding to Dirac’s singletons. We then study the minimal
unitary realization of the unique simple conformal supergroup F (4) with the even subgroup
SO(5, 2) × SU(2). We find that the spinor minrep, together with two copies of the scalar
minrep of SO(5, 2), form the minimal unitary supermultiplet of F (4). We then extend these
results to the construction of AdS6/CFT5 algebras and superalgebra. We show that the
Joseph ideal vanishes identically as operators for the minrep of SO(5, 2) and its enveloping
algebra yields the bosonic higher spin algebra of Vasiliev-type in AdS6. For the deformed
minrep a certain deformation of the Joseph ideal vanishes and its enveloping algebra yields
a deformed higher spin algebra. The enveloping algebra of the superalgebra F (4) yields
the unique higher spin superalgebra in AdS6
1 .
The plan of the paper is as follows. In section 2, we construct the geometric realization
of SO(5, 2) as a quasiconformal group, following the method outlined in [17]. Then in
section 3, we obtain the minimal unitary representation of SO(5, 2) via the quantization
of the geometric quasiconformal action and show that there is a two-parameter family
of degree two polynomials of so(5, 2) generators that reduces to a c-number according to
Joseph’s theorem [18]. We present the 3-grading of so(5, 2) with respect to the noncompact
subalgebra so(4, 1) ⊕ so(1, 1) in section 4, and with respect to the compact subalgebra
so(5)⊕so(2) ≈ ups(4)⊕u(1) in section 5. In that section, the results are presented separately
in SO(5)-covariant and USp(4)-covariant forms. Then in section 6 we discuss the properties
of a distinguished SU(1, 1) subgroup of SO(5, 2) generated by singular (isotonic) oscillators.
We then give the K-type decomposition of the minrep of SO(5, 2) in section 7 and show
that it corresponds to a massless conformal scalar field in five dimensions. We study the
deformations of the minrep in section 8 and show that it admits a unique deformation and
give its K-type decomposition in section 9. In section 10, we construct the minimal unitary
representation of the unique exceptional superconformal algebra f(4) in five dimensions. A
3-grading of f(4) with respect to the compact subsuperalgebra osp(2|4) ⊕ u(1) is given in
section 11, and the supermultiplet of conformal fields corresponding to the minrep of f(4) is
given in section 12. Then in section 13, we show that the Joseph ideal vanishes identically
as an operator for the minrep of SO(5, 2) and hence its universal enveloping algebra yields
directly the bosonic AdS6/CFT5 higher spin algebra. Similarly for the deformed minrep of
SO(5, 2) a certain deformation of the Joseph ideal vanishes identically and its enveloping
algebra yields a deformed AdS6/CFT5 higher spin algebra. Finally in section 14 we define
the unique AdS6/CFT5 higher spin superalgebra as the enveloping algebra of the minrep
of F (4) and study some of its properties followed by some concluding comments.
1By an abuse of notation we shall use F (4) to denote both the supergroup as well as its superalgebra
f(4) with the even subalgebra so(5, 2) ⊕ su(2).
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2 Geometric realization of SO(5, 2) as a quasiconformal group
In this section we shall review the geometric quasiconformal realization of SO(5, 2) following
[17]. The Lie algebra so(5, 2) admits the following 5-grading with respect to its subalgebra
so(1, 1) ⊕ so(3)⊕ sp(2,R):
so(5, 2) = 1(−2) ⊕ (3,2)(−1) ⊕ [∆⊕ so(3)⊕ sp(2,R) ] ⊕ (3,2)(+1) ⊕ 1(+2) (2.1)
where ∆ is the SO(1, 1) generator that determines the 5-grading. The generators of
SO(5, 2) can be realized as nonlinear differential operators acting on a seven-dimensional
space T , whose coordinates we shall denote as X = (Xi,a, x), where Xi,a transform in the
(3, 2) representation of SU(2)× Sp(2,R) subalgebra, with i = 1, 2, 3 and a = 1, 2, and x is
a singlet coordinate.
There exists a quartic polynomial of the coordinates Xi,a
I4(X) = ηijηklǫacǫbdXi,aXj,bXk,cX l,d (2.2)
which is an invariant of SU(2) × Sp(2,R) subgroup, where ǫab is the symplectic invariant
tensor of Sp(2,R) and ηij is the invariant metric of SU(2) in the adjoint representation,
which we choose as ηij = −δij to agree with the general conventions of [17].
The generators belonging to various grade subspaces will be labelled as follows:
so(5, 2) = K− ⊕ Ui,a ⊕ [∆⊕Mij ⊕ Jab]⊕ U˜i,a ⊕K+ (2.3)
where Mij and Jab are the generators of SU(2) and Sp(2,R) subgroups, respectively. In
the nonlinear quasiconformal action of SO(5, 2) they are realized as
K+ =
1
2
(
2x2 − I4
) ∂
∂x
− 1
4
∂I4
∂Xi,a
ηijǫab
∂
∂Xj,b
+ xXi,a
∂
∂Xi,a
Ui,a =
∂
∂Xi,a
− ηijǫabXj,b ∂
∂x
Mij = ηikX
k,a ∂
∂Xj,a
− ηjkXk,a ∂
∂Xi,a
Jab = ǫacX
i,c ∂
∂Xi,b
+ ǫbcX
i,c ∂
∂Xi,a
K− =
∂
∂x
∆ = 2x
∂
∂x
+Xi,a
∂
∂Xi,a
U˜i,a = [Ui,a , K+]
(2.4)
where ǫab is the inverse symplectic tensor, such that ǫabǫbc = δ
a
c. Substituting the expres-
sion for the quartic invariant, one finds the explicit form of the grade +1 generators:
U˜i,a = ηijǫad
(
ηklǫbcX
j,bXk,cX l,d − xXj,d
) ∂
∂x
+ x
∂
∂Xi,a
− ηijǫabXj,bX l,c ∂
∂X l,c
− ǫadηklX l,dXk,c ∂
∂Xi,c
+ ǫadηij X
l,dXj,b
∂
∂X l,b
+ ηijǫbcX
j,bX l,c
∂
∂X l,a
(2.5)
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These SO(5, 2) generators satisfy the following commutation relations:
[Mij , Mkl] = ηjkMil − ηikMjl − ηjlMik + ηilMjk
[Jab , Jcd] = ǫcbJad + ǫcaJbd + ǫdbJac + ǫdaJbc
(2.6a)
[∆ , K±] = ±2K± [K− , K+] = ∆
[∆ , Ui,a] = −Ui,a
[
∆ , U˜i,a
]
= U˜i,a
[Ui,a , K+] = U˜i,a
[
U˜i,a , K−
]
= −Ui,a
[Ui,a , Uj,b] = 2 ηijǫabK−
[
U˜i,a , U˜j,b
]
= 2 ηijǫabK+
(2.6b)
[Mij , Uk,a] = ηjkUi,a − ηikUj,a
[
Mij , U˜k,a
]
= ηjkU˜i,a − ηikU˜j,a
[Jab , Ui,c] = ǫcbUi,a + ǫcaUi,b
[
Jab , U˜i,c
]
= ǫcbU˜i,a + ǫcaU˜i,b
(2.6c)
[
Ui,a , U˜j,b
]
= ηijǫab∆− 2 ǫabMij − ηijJab (2.6d)
The quartic norm (length) of a vector X = (Xi,a, x) ∈ T is defined as
ℓ (X ) = I4 (X) + 2x2 . (2.7)
To see the geometric picture behind the above nonlinear realization, one defines a quartic
distance function between any two points X and Y in the seven-dimensional space T as
d (X ,Y) = ℓ (δ (X ,Y)) (2.8)
where the “symplectic” difference δ (X ,Y) is defined as
δ (X ,Y) =
(
Xi,a − Y i,a , x− y − ηijǫabXi,aY j,b
)
. (2.9)
The lightlike separations between any two points with respect to the quartic distance
function are left invariant under the quasiconformal action of SO(5, 2). In other words,
SO(5, 2) acts as the invariance group of a ”light-cone” with respect to a quartic distance
function in a seven dimensional space.
3 Minimal unitary representation of SO(5, 2)
The quantization of the geometric quasiconformal action of a Lie algebra or a Lie super-
algebra leads to its minimal unitary realization. For the case of SO(5, 2) this is achieved
by splitting the six variables Xi,a introduced above into three coordinates Xi and three
momenta Pi, and introducing a momentum p conjugate to the singlet coordinate x:
Xi = Xi,1 Pi = ηijX
j,2 (3.1)
– 5 –
These coordinates and momenta are then treated as quantum mechanical operators satis-
fying the canonical commutation relations:[
Xi , Pj
]
= δij [x , p] = i (3.2)
In the realization that follows, we shall use bosonic oscillators ai and their hermitian
conjugates a†i defined in terms of X
i and Pi as follows:
ai =
1√
2
(
Xi + i Pi
)
a†i =
1√
2
(
Xi − i Pi
)
(3.3)
They satisfy the commutation relations:[
ai , a
†
j
]
= δij [ai , aj] =
[
a†i , a
†
j
]
= 0 (3.4)
We shall first give the generators of the minimal unitary realization of so(5, 2) in the
5-graded basis:
so(5, 2) = g(−2) ⊕ g(−1) ⊕ [ ∆⊕ su(2)⊕ su(1, 1) ] ⊕ g(+1) ⊕ g+2) (3.5)
where the generator that defines the 5-grading is simply
∆ =
1
2
(xp+ px) . (3.6)
The single generator in grade −2 subspace is realized in terms of the singlet coordinate x
as
K− =
1
2
x2 (3.7)
and the six generators in grade −1 subspace are realized as bilinears of x and the bosonic
oscillators ai, a
†
i as
Ui = x ai U
†
i = x a
†
i . (3.8)
Grade −2 and grade −1 generators form a Heisenberg subalgebra[
Ui , U
†
j
]
= 2 δij K− [Ui , Uj ] =
[
U †i , U
†
j
]
= 0 (3.9)
with the generator K− playing the role of the central charge. The generators of su(1, 1) ⊂
g(0) are realized as bilinears of the a-type bosonic oscillators as
M+ =
1
2
a†ia
†
i M− =
1
2
aiai M0 =
1
4
(
a†iai + aia
†
i
)
(3.10)
which satisfy the commutation relations
[M− , M+] = 2M0 [M0 , M±] = ±M± . (3.11)
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We denote this subalgebra as su(1, 1)M and its quadratic Casimir as M2:
C2 [su(1, 1)M ] =M2 =M02 − 1
2
(M+M− +M−M+) (3.12)
The su(2) subalgebra, denoted as su(2)L, of grade 0 subspace is also realized as bilinears
of the a-type bosonic oscillators as
Li = V
†Σi V (3.13)
where
V =
a1a2
a3
 (3.14)
and Σi are the 3× 3 adjoint matrices of SU(2) given by
(Σi)jk = −i ǫijk . (3.15)
They satisfy the commutation relations
[Li , Lj ] = i ǫijk Lk . (3.16)
The quadratic Casimir of su(2)L, denoted as L2,
C2 [su(2)L] = L2 = L12 + L22 + L32 (3.17)
is related to that of su(1, 1)M as
L2 = 4M2 + 3
4
. (3.18)
Upon quantization, the quartic invariant I4 of SU(2)L × SU(1, 1)M goes over to a
linear function of the quadratic Casimir of SU(2)L × SU(1, 1)M . As a consequence one
finds that grade +2 generator depends only on the quadratic Casimir of su(2)L (or that of
su(1, 1)M ) and can be written as follows:
K+ =
1
2
p2 +
1
4x2
(
8M2 + 3
2
)
=
1
2
p2 +
1
2x2
L2
(3.19)
Now the six generators in grade +1 subspace can be obtained by taking the commu-
tators between the respective grade −1 generators and K+:
Wi = −i [Ui , K+] W †i = −i
[
U †i , K+
]
(3.20)
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Evaluating the commutators one finds
Wi = p ai − i
x
[ai + i ǫijk Ljak]
W †i = p a
†
i −
i
x
[
a†i + i ǫijk Lja
†
k
] (3.21)
Once again, these grade +2 and grade +1 generators form a Heisenberg algebra[
Wi , W
†
j
]
= 2 δij K+ [Wi , Wj] =
[
W †i , W
†
j
]
= 0 (3.22)
with the generator K+ playing the role of the central charge. Grade −2 and grade +1
generators close into grade −1 subspace:
[Wi , K−] = −i Ui
[
W †i , K−
]
= −i U †i (3.23)
Grade ±2 generators, together with the generator ∆ from grade 0 subspace, form a subal-
gebra su(1, 1), which we shall denote as su(1, 1)K :
[K− , K+] = i∆ [∆ , K±] = ±2iK± (3.24)
The quadratic Casimir of su(1, 1)K subalgebra, given by
C2 [su(1, 1)K ] = K2 = ∆2 − 2 (K+K− +K−K+) (3.25)
is related to the quadratic Casimir of su(2)L (and that of su(1, 1)M ) as
K2 = −L2 + 3
4
= −4M2 . (3.26)
The commutators of grade −1 (grade +1) generators with those of SU(2)L×SU(1, 1)M
are given below:
[M0 , Ui] = −1
2
Ui
[M+ , Ui] = −U †i
[M− , Ui] = 0
[Li , Uj ] = i ǫijk Uk
[M0 , Wi] = −1
2
Wi
[M+ , Wi] = −W †i
[M− , Wi] = 0
[Li , Wj ] = i ǫijkWk
(3.27)
[
M0 , U
†
i
]
=
1
2
U †i[
M+ , U
†
i
]
= 0[
M− , U
†
i
]
= Ui[
Li , U
†
j
]
= i ǫijk U
†
k
[
M0 , W
†
i
]
=
1
2
W †i[
M+ , W
†
i
]
= 0[
M− , W
†
i
]
=Wi[
Li , W
†
j
]
= i ǫijkW
†
k
(3.28)
The commutators between grade −1 generators and grade +1 generators can be written in
– 8 –
terms of grade 0 generators as follows:
[Ui , Wj] = 2i δij M−[
U †i , W
†
j
]
= 2i δij M+
[
U †i , Wj
]
= 2i δij M0 − 2 ǫijk Lk − δij ∆[
Ui , W
†
j
]
= 2i δij M0 + 2 ǫijk Lk + δij ∆
(3.29)
Finally, we present the quadratic Casimir of so(5, 2). Noting that the following com-
bination of bilinears, formed in terms of the generators in grade ±1 subspaces, reduces to
the quadratic Casimir of su(1, 1)K modulo some additive and multiplicative constants,
[UW ] = UiW
†
i +W
†
i Ui − U †iWi −WiU †i = −4iK2 + 12i (3.30)
one can show that there exists a two-parameter family of degree two polynomials of so(5, 2)
generators that reduces to a c-number for the minimal unitary realization, according to
Joseph’s theorem [18, 19]:
C2 [su(2)L] + k1 C2 [su(1, 1)M ] + k2 C2 [su(1, 1)K ] + i
4
(
1 +
k1
4
− k2
)
[UW ]
= −3
4
k1 + 3 k2 − 9
4
(3.31)
The quadratic Casimir of so(5, 2) corresponds to k1 = 2 and k2 = −12 :
C2 [so(5, 2)] = −21
4
(3.32)
4 Noncompact 3-grading of so(5, 2)with respect to the subalgebra so(4, 1)⊕
so(1, 1) ≈ usp(2, 2)⊕ so(1, 1)
We should note that when one goes to the covering group Spin(5, 2) of SO(5, 2), the
subgroups SO(5) and SO(4, 1) go over to their covering groups USp(4) and USp(2, 2),
respectively. Considered as the five-dimensional conformal group, SO(5, 2) has a natu-
ral 3-grading defined by the generator D of dilatations whose eigenvalues determine the
conformal dimensions of operators and states. Let us denote the corresponding 3-graded
decomposition of so(5, 2) as
so(5, 2) = N− ⊕N0 ⊕N+ (4.1)
where N0 = so(4, 1)⊕so(1, 1)D , with the subalgebra so(4, 1) in N0 representing the Lorentz
algebra in five dimensions. The noncompact dilatation generator so(1, 1)D is given by
D = 1
2
[∆− i (M+ −M−)] (4.2)
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and the generators belonging to N± and N0 subspaces are as follows:
N− = K− ⊕
[
M0 − 1
2
(M+ +M−)
]
⊕
(
Ui − U †i
)
N0 = D ⊕ 1
2
[∆ + i (M+ −M−)]⊕ Li ⊕
(
Ui + U
†
i
)
⊕
(
Wi −W †i
)
N+ = K+ ⊕
[
M0 +
1
2
(M+ +M−)
]
⊕
(
Wi +W
†
i
) (4.3)
The Lorentz group generators Mµν (µ, ν = 0, 1, 2, 3, 4) are given by
M0i = 1
2
√
2
(
Ui + U
†
i
)
+
i
2
√
2
(
Wi −W †i
)
Mij = −ǫijk Lk
Mi4 = 1
2
√
2
(
Ui + U
†
i
)
− i
2
√
2
(
Wi −W †i
)
M04 = 1
2
[∆ + i (M+ −M−)]
(4.4)
and satisfy the commutation relations of so(4, 1):
[Mµν , Mρτ ] = i (ηνρMµτ − ηµρMντ − ηντMµρ + ηµτMνρ) (4.5)
where ηµν = diag(−,+,+,+,+).
The rotation group SO(4) splits into two SU(2) subgroups, denoted by SU(2)A and
SU(2)A˚, whose generators are given by
Ai = −1
4
(ǫijkMjk − 2Mi4) A˚i = −1
4
(ǫijkMjk + 2Mi4) (4.6)
satisfying the commutation relations
[Ai , Aj ] = i ǫijkAk
[
A˚i , A˚j
]
= i ǫijkA˚k (4.7)
The translation generators Pµ (µ = 0, 1, 2, 3, 4) of the conformal group SO(5, 2) are
given by
P0 = K+ +M0 + 1
2
(M+ +M−)
Pi = 1√
2
(
Wi +W
†
i
)
(i = 1, 2, 3)
P4 = K+ −M0 − 1
2
(M+ +M−)
(4.8)
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and the special conformal generators Kµ (µ = 0, 1, 2, 3, 4) are given by
K0 = K− +M0 − 1
2
(M+ +M−)
Ki = − i√
2
(
Ui − U †i
)
(i = 1, 2, 3)
K4 = −K− +M0 − 1
2
(M+ +M−) .
(4.9)
These generators satisfy the commutation relations of SO(5, 2) as the five-dimensional
conformal algebra:
[Mµν , Mρτ ] = i (ηνρMµτ − ηµρMντ − ηντMµρ + ηµτMνρ)
[Pµ , Mνρ] = i (ηµν Pρ − ηµρ Pν)
[Kµ , Mνρ] = i (ηµν Kρ − ηµρKν)
[D , Mµν ] = [Pµ , Pν ] = [Kµ , Kν ] = 0
[D , Pµ] = +iPµ [D , Kµ] = −iKµ
[Pµ , Kν ] = 2i (ηµν D +Mµν)
(4.10)
We should note that the Poincare´ mass operator in five dimensions vanishes identically
M2 = ηµνPµPν = 0 (4.11)
for the minimal unitary realization.
In appendix A, we present the relation between the generators MAB (A,B = 0, . . . , 6)
of SO(5, 2) and the generators in the noncompact three-grading.
5 Compact 3-grading of so(5, 2) with respect to the subalgebra so(5) ⊕
so(2) ≈ usp(4)⊕ u(1)
The Lie algebra so(5, 2) has a 3-grading, with respect to its maximal compact subalgebra
C0 = so(5)⊕ so(2) = usp(4)⊕ u(1), determined by the u(1) generator
H =
1
2
(K+ +K−) +M0 (5.1)
such that
so(5, 2) = C− ⊕ C0 ⊕ C+ (5.2)
and satisfy [
H , C+
]
= +C+
[
H , C−
]
= −C− . (5.3)
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In this decomposition, the generators belonging to C± and C0 subspaces are as follows:
C0 =
[
Li ⊕
(
1
2
(K+ +K−)−M0
)
⊕ (Ui − iWi)⊕
(
U †i + iW
†
i
)]
⊕
(
1
2
(K+ +K−) +M0
)
C+ =
(
U †i − iW †i
)
⊕M+ ⊕ [∆− i (K+ −K−)]
C− = (Ui + iWi)⊕M− ⊕ [∆ + i (K+ −K−)]
(5.4)
In the above 3-grading, the operators that belong to C+ subspace are the Hermitian conju-
gates of the operators that belong to C− subspace. In the corresponding minimal unitary
realization, one takes only the hermitian linear combinations of these operators as gen-
erators of so(5, 2). The generator H is the conformal Hamiltonian or the AdS energy,
depending on whether one is considering SO(5, 2) as the five-dimensional conformal group
or as the six-dimensional AdS group. We shall refer to this grading as the compact 3-
grading. We should also note that, in the earlier noncompact 3-grading of so(5, 2) with
respect to N0 = so(4, 1) ⊕ so(1, 1)D, this AdS energy corresponds to 12 (P0 +K0).
5.1 SO(5)-covariant basis
The so(5) generators M˜MN (M,N = 1, 2, 3, 4, 5) in grade zero subspace C
0 are given by
M˜ij = −ǫijk Lk
M˜45 =
1
2
(K+ +K−)−M0
M˜i4 =
1
2
√
2
(Ui − iWi) + 1
2
√
2
(
U †i + iW
†
i
)
M˜i5 =
i
2
√
2
(Ui − iWi)− i
2
√
2
(
U †i + iW
†
i
) (5.5)
and satisfy the commutation relations[
M˜MN , M˜PQ
]
= i
(
δNP M˜MQ − δMP M˜NQ − δNQM˜MP + δMQM˜NP
)
. (5.6)
Clearly the generators M˜ij ⊕ M˜45 form the so(3)L ⊕ so(2)Y ≈ su(2)L ⊕ u(1)Y subalgebra
of so(5) ≈ usp(4). We shall label the five operators that belong to grade +1 subspace C+
as B˜†M (M = 1, 2, 3, 4, 5) where
B˜†i =
1√
2
(
U †i − iW †i
)
(i = 1, 2, 3)
B˜†4 =
1
2
[∆− i (K+ −K−)] + iM+
B˜†5 =
i
2
[∆− i (K+ −K−)] +M+
(5.7)
These C+ operators satisfy the following important relation:
B˜†M B˜
†
M = B˜
†
1B˜
†
1 + B˜
†
2B˜
†
2 + · · ·+ B˜†5B˜†5 = 0 (5.8)
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which corresponds to the masslessness condition in the noncompact picture. We shall label
the five operators that belong to grade −1 subspace C−, which are the hermitian conjugates
of those in C+, as B˜M (M = 1, 2, 3, 4, 5) where
B˜i =
1√
2
(Ui + iWi) (i = 1, 2, 3)
B˜4 =
1
2
[∆ + i (K+ −K−)]− iM−
B˜5 = − i
2
[∆ + i (K+ −K−)] +M− .
(5.9)
The commutation relations of the SO(5, 2) generators in this compact basis are:[
M˜MN , M˜PQ
]
= i
(
δNP M˜MQ − δMP M˜NQ − δNQM˜MP + δMQM˜NP
)
[
B˜†M , M˜NP
]
= i
(
δMN B˜
†
P − δMP B˜†N
)
[
B˜M , M˜NP
]
= i
(
δMN B˜P − δMP B˜N
)
[
H , M˜MN
]
=
[
B˜†M , B˜
†
N
]
=
[
B˜M , B˜N
]
= 0[
H , B˜†M
]
= +B˜†M
[
H , B˜M
]
= −B˜M[
B˜†M , B˜N
]
= 2
(
−δMN H + i M˜MN
)
(5.10)
5.2 USp(4)-covariant basis
In this subsection we shall reformulate the compact 3-grading of the Lie algebra so(5, 2) in
the USp(4)-covariant form. As gamma-matrices (γM )
I
J in the five-dimensional Euclidean
space we choose the following hermitian matrices:
(γ1)
I
J = σ2 ⊗ σ1 =

0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0
 (γ2)IJ = σ2 ⊗ σ2 =

0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

(γ3)
I
J = −σ2 ⊗ σ3 =

0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0
 (γ4)IJ = −σ1 ⊗ I2 =

0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0

(γ5)
I
J = σ3 ⊗ I2 =

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

(5.11)
which satisfy
{γM , γN} = 2 δMN I4 (5.12)
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where In are the n×n identity matrices. As the charge conjugation matrix, we choose the
antisymmetric matrix
(C5)IJ = (C5)IJ = I2 ⊗ iσ2 =

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0
 (5.13)
where I, J = 1, 2, 3, 4 are the spinor indices of the covering group USp(4) of SO(5). It can
be identified with the symplectic metric ΩIJ = Ω
IJ of USp(4) and will be used to raise
and lower spinorial indices. We find that (C5γM )IJ are antisymmetric and (C5 [γM , γN ])IJ
are symmetric with respect to the indices I and J . Using them we can convert the vector
indices M,N, . . . of SO(5) into bispinorial indices [IJ ], . . . of USp(4). We find
BIJ = (C5γM )IJ B˜M ∈ C−
BIJ = ΩIKB†KLΩLJ = − (C5γM )IJ B˜†M ∈ C+ .
(5.14)
Note that they satisfy the symplectic traceless conditions
ΩIJBIJ = 0 ΩIJBIJ = 0 . (5.15)
The generators in grade 0 subspace that form the subalgebra usp(4) are realized as
UIJ =
i
4
(C5 [γM , γN ])IJ M˜MN (5.16)
where M˜MN are the so(5) generators given in equation (5.5).
They satisfy
UIJ = ΩIKU
†
KLΩLJ . (5.17)
The commutation relations of these SO(5, 2) generators in this USp(4)-covariant com-
pact basis have the following form:
[UIJ , UKL] = ΩJK UIL +ΩIK UJL +ΩJLUIK +ΩILUJK[
UIJ , BKL
]
= ΩJK BIL +ΩIK BJL − ΩJL BIK − ΩIL BJK
[UIJ , BKL] = ΩJK BIL +ΩIK BJL − ΩJL BIK − ΩIL BJK
[H , UIJ ] =
[BIJ , BKL] = [BIJ , BKL] = 0[
H , BIJ
]
= +BIJ [H , BIJ ] = −BIJ
(5.18)
The constraint on grade +1 operators given in equation (5.8) becomes
ΩIKΩJLBIJBKL = 0 (5.19)
in the USp(4)-covariant basis.
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6 Distinguished SU(1, 1)K subgroup of SO(5, 2) generated by the isotonic
(singular) oscillators
Note that in terms of the oscillators ai (and their respective hermitian conjugates a
†
i ) and
the singlet coordinate x and its conjugate momentum p, the u(1) generator H, as given in
equation (5.1), has the following form:
H =
1
2
(K+ +K−) +M0 =
1
4
(
x2 + p2
)
+
1
4x2
L2 + 1
2
a†iai +
3
4
= H⊙ +Ha
(6.1)
where
H⊙ =
1
4
(
x2 + p2
)
+
1
4x2
L2 Ha = 1
2
a†iai +
3
4
. (6.2)
This u(1) generator H is the six-dimensional AdS energy operator or the five-dimensional
conformal Hamiltonian. Ha (=M0) is the contribution to the Hamiltonian from the a-type
standard non-singular bosonic oscillators. On the other hand, H⊙ is the Hamiltonian of a
singular harmonic oscillator with a potential function
V (x) =
G
x2
(6.3)
where
G = 1
2
L2 . (6.4)
This H⊙ is exactly of the form of the Hamiltonian of conformal quantum mechanics [20]
with G playing the role of the “coupling constant” [21]. In some literature it is referred to
as the isotonic oscillator [22, 23]. It is also of the form that appears in the Calogero models
in [24, 25].
Let us now consider this singular harmonic oscillator Hamiltonian
H⊙ =
1
2
(K+ +K−) =
1
4
(
x2 + p2
)
+
1
2x2
G
=
1
4
(
x2 − ∂
2
∂x2
)
+
1
2x2
G .
(6.5)
The following two linear combinations of the operators B˜†4 , B˜
†
5 from the C
+ subspace
and B˜4 , B˜5 from the C
− subspace of so(5, 2):
B˜†⊙ = −
i
2
(
B˜†4 − i B˜†5
)
= − i
2
[∆− i (K+ −K−)] = 1
4
(x− ip)2 − 1
2x2
G
=
1
4
(
x− ∂
∂x
)2
− 1
2x2
G
B˜⊙ =
i
2
(
B˜4 + i B˜5
)
=
i
2
[∆ + i (K+ −K−)] = 1
4
(x+ ip)2 − 1
2x2
G
=
1
4
(
x+
∂
∂x
)2
− 1
2x2
G
(6.6)
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close into H⊙ under commutation, and they generate the distinguished su(1, 1)K subalge-
bra:2[
B˜⊙ , B˜
†
⊙
]
= 2H⊙
[
H⊙ , B˜
†
⊙
]
= + B˜†⊙
[
H⊙ , B˜⊙
]
= − B˜⊙ (6.7)
For the positive energy unitary representations of SO(5, 2), the relevant unitary realizations
of SU(1, 1)K are also of the positive energy type.
Now consider the Fock space of the a-type oscillators, whose vacuum state |0〉 is anni-
hilated by all ai:
ai |0〉 = 0 (i = 1, 2, 3) (6.8)
A “particle basis” in this Fock space is provided by the states of the form
|n1, n2, n3〉 =
∏
i
1√
ni!
( a†i )
ni |0〉 (6.9)
where ni are non-negative integers.
For a given eigenvalue g of the operator G (as given in equation (6.4)), the state(s)
corresponding to the lowest energy eigenvalue of H⊙ are the superpositions of tensor prod-
uct states of the form ψ
(αg)
0 (x) |Λg〉, where |Λg〉, independent of x, is an eigenstate of G
with eigenvalue g in the Fock space of a-type oscillators, and ψ
(αg)
0 (x) is a function that
satisfies
B˜⊙ ψ
(αg)
0 (x) |Λg〉 = 0 . (6.10)
Such solutions are given by [26]
ψ
(αg)
0 (x) = C0 x
αge−x
2/2 (6.11)
where C0 is a normalization constant and
αg =
1
2
±
√
2g +
1
4
. (6.12)
The Hermiticity of H⊙ implies that
g ≥ −1
8
(6.13)
and the normalizability of the state given in equation (6.11) imposes the constraint
αg > −1
2
. (6.14)
Clearly, ψ
(αg)
0 (x) |Λg〉 is an eigenstate of H⊙ with eigenvalue
E
(αg)
⊙,0 =
αg
2
+
1
4
=
1
2
± 1
2
√
2g +
1
4
. (6.15)
2This is the SU(1, 1) subgroup generated by the longest root vector.
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For the minrep of SO(5, 2) given earlier, the lowest possible value of g is zero, i.e.
when |Λg〉 is simply the Fock vacuum |0〉 of bosonic oscillators ai (i = 1, 2, 3). For g = 0 we
have two possible values of αg, namely 0 and 1. It turns out that, even though the state
with αg = 0 has lower energy than that with αg = 1, it leads to non-normalizable states
under the action of SO(5) when we extend SU(1, 1)K to SO(5, 2). Therefore, we choose
the state
ψ
(αg=1)
0 (x) |0〉 = C0 x e−x
2/2 |0〉 (6.16)
with energy
E
(αg=1)
⊙,0 =
3
4
(6.17)
as the lowest energy “ground state” of H⊙. The higher energy eigenstates of H⊙ can be
obtained from this ground state by acting on it repeatedly with the raising operator B˜†⊙:
ψ
(αg=1)
n (x) |0〉 = Cn (B˜†⊙)n ψ(αg=1)0 (x) |0〉 (6.18)
where Cn are normalization constants. They correspond to energy eigenvalues
E
(αg=1)
⊙,n = E
(αg=1)
⊙,0 + n =
3
4
+ n . (6.19)
We shall denote the corresponding states as
|ψ(αg)n 〉 (n = 0, 1, 2, ...)
which form the particle basis of the unitary irreducible representation of SU(1, 1)K with
the lowest weight vector |ψ(αg)0 〉.
7 K-type decomposition of the minimal unitary representation of SO(5, 2)
In this section we shall give the decomposition of the Hilbert space of the minimal unitary
representation of SO(5, 2) with respect to its maximal compact subgroup SO(5)×SO(2)H
(i.e. K-type decomposition). There exists a unique lowest energy state in the Hilbert space
of the minimal unitary representation of SO(5, 2) which is an SO(5) singlet, namely
|Ω〉 = |ψ(αg=1)0 〉 = C0 x e−x
2/2 |0〉 (7.1)
with energy E = 32 . Note that |0〉 is the Fock vacuum of the a-type oscillators. The
state |Ω〉 is annihilated by all the operators B˜1, . . . , B˜5 in C− subspace of so(5, 2) given in
equation (5.9):
B˜M |Ω〉 = 0 (M = 1, . . . , 5) (7.2)
Therefore the minrep of SO(5, 2) is a unitary lowest weight representation. All the other
states of the particle basis of the minrep with higher energies can be obtained from this
state by repeatedly acting on it with the operators B˜†1, . . . , B˜
†
5 in C
+ subspace of so(5, 2)
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given in equation (5.7):3
|Ω〉 , B˜†M1 |Ω〉 , B˜
†
(M1
B˜†M2)o |Ω〉 , B˜
†
(M1
B˜†M2B˜
†
M3)o
|Ω〉 , . . . . . . (7.3)
All the states of any given energy level form a single irrep of SO(5) ≈ USp(4). In Table
1, we give the decomposition of the minrep of SO(5, 2) with respect to its maximal compact
subgroup by listing the dimension of SO(5) ≈ USp(4) irrep and its USp(4) Dynkin labels
as well as their energies. The minrep of SO(5, 2) is the scalar singleton representation of
SO(5, 2) in AdS6 just like the Dirac scalar singleton of SO(3, 2) in AdS4. It corresponds
to a massless conformal scalar field in five-dimensional Minkowski spacetime which can be
identified with the boundary of AdS6.
Table 1: K-type decomposition of the minimal unitary representa-
tion of SO(5, 2) with the lowest weight vector |Ω〉 = C0 x e−x2/2 |0〉.
The AdS energy, dimension of SO(5) ≈ USp(4) irrep and its USp(4)
Dynkin labels at each level are given.
States AdS6 Dim of Dynkin Labels
Energy SO(5) ≈ USp(4) of USp(4)
E
|Ω〉 32 1 (0, 0)
B˜†M1 |Ω〉 52 5 (0, 1)
B˜†(M1B˜
†
M2)o
|Ω〉 72 14 (0, 2)
B˜†(M1B˜
†
M2
B˜†M3)o |Ω〉 92 30 (0, 3)
...
...
...
...
B˜†(M1 . . . B˜
†
Mn)o
|Ω〉 n+ 32 (n+1)(n+2)(2n+3)6 (0, n)
...
...
...
...
Note that the symmetric product B˜†(M1 . . . B˜
†
Mn)
of the operators B†M is automatically
traceless due to the condition B˜†M B˜
†
M = 0 given in equation (5.8). When acting on the
3The round brackets with a subscript o in B†(M1 . . . B
†
Mn)o
denote the symmetric traceless product of the
operators.
– 18 –
lowest weight state |Ω〉, which is a singlet of SO(5), it produces a state represented by an
SO(5) Young tableaux with one row of n boxes.
· · ·
︸ ︷︷ ︸
n boxes
(7.4)
8 Deformation of the minimal unitary representation of SO(5, 2)
The little group of massless particles in five dimensions is SU(2) and can be identified with
the subgroup SU(2)L of SO(5, 2), considered as the five-dimensional conformal group. In
this section we shall study possible “deformations” of the minrep of SO(5, 2), generated by
adding a “spin term” Si to the “orbital” generators Li of SU(2)L. We shall first introduce
the “spin” generators as bilinears of two fermionic oscillators. This option is the natural
one for extending the minrep of SO(5, 2) to that of the conformal supergroup F (4) with
the even subgroup SO(5, 2) × SU(2).
Consider the fermionic oscillators αr (r = 1, 2) and their hermitian conjugates α
†
r that
satisfy the usual anti-commutation relations{
αr , α
†
s
}
= δrs {αr , αs} =
{
α†r , α
†
s
}
= 0 (8.1)
and define the 2-component spinor
ζ =
(
α1
α2
)
. (8.2)
We shall realize the generators Si of su(2)S as
Si =
1
2
ζ† σi ζ (8.3)
where σi are the Pauli matrices. The quadratic Casimir of su(2)S , denoted as S2, is given
by
C2 [su(2)S ] = S2 = S12 + S22 + S32 . (8.4)
Then the “orbital” generators Li of su(2)L get extended to the “total angular momentum”
generators Ji by adding the spin terms:
Ji = Li + Si (8.5)
The quadratic Casimir of su(2)J , denoted as J 2, is given by
C2 [su(2)J ] = J 2 = J12 + J22 + J32 = L2 + S2 + 2L · S (8.6)
where L · S = L1S1 + L2S2 + L3S3.
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This introduction of fermionic contributions does not affect the generators M±,0 and
∆ in grade 0 subspace, Ui and U
†
i in grade −1 subspace, and K− in grade −2 subspace
of so(5, 2), defined in section 3. To preserve Jacobi identities, one finds that the quadratic
Casimir L2 appearing in grade +2 generator K+ must be replaced by
(
2J 2 − L2 + 23 S2
)
:
K+ =
1
2
p2 +
1
2x2
(
2J 2 − L2 + 2
3
S2
)
(8.7)
Therefore the “coupling constant” of the isotonic (singular) oscillator becomes
G = 1
2
(
2J 2 − L2 + 2
3
S2
)
(8.8)
and the grade +1 generators, also changing according to equation (3.20), become
Wi = p ai − i
x
[ai + i ǫijk (Lj + 2Sj) ak]
W †i = p a
†
i −
i
x
[
a†i + i ǫijk (Lj + 2Sj) a
†
k
]
.
(8.9)
All the commutation relations of SO(5, 2) given in the previous sections are still valid
with the above replacements. The quadratic Casimir of the resulting realization of so(5, 2)
with the fermionic contributions can be evaluated easily, and one finds
C2 [so(5, 2)] = C2 [su(2)J ] + 2 C2 [su(1, 1)M ]− 1
2
C2 [su(1, 1)K ] + i
2
[UW ]
=
7
3
S2 − 21
4
(8.10)
where we have used
C2 [su(1, 1)K ] = ∆2 − 2 (K+K− +K−K+) = K2 = −
(
2J 2 − L2 + 2
3
S2
)
+
3
4
[UW ] = UiW
†
i +W
†
i Ui − U †iWi −WiU †i = −4iK2 + 12i
= 4i
(
2J 2 − L2 + 2
3
S2
)
+ 9i
(8.11)
Thus the Casimir of the minrep, extended by fermionic contributions, depends only on the
Casimir of SU(2)S generated by fermionic bilinears. The four-dimensional Fock space of
the two fermionic oscillators decomposes as a doublet (spin 1/2) and two singlets under
the action of SU(2)S . The singlets are the states
|0〉F , α†1 α†2 |0〉F (8.12)
where |0〉F is the fermionic Fock vacuum. The states α†r |0〉F (r = 1, 2) also form a doublet.
As a consequence, the tensor product space of the Fock spaces of the bosonic oscillators
a†i and the fermionic oscillators α
†
r with the state space of the singular oscillator deformed
by the fermionic oscillators decomposes as two copies of the minrep and one copy of the
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deformed minrep as will be made evident in the next section. Here we should stress that
increasing the number of fermionic oscillators so as to generate higher representations of
SU(2)S leads to a failure of the Jacobi identities of SO(5, 2). As a consequence we find a
single irreducible distinct deformation of the minrep of SO(5, 2), as in the case of SO(3, 2).
This result is expected in the light of the results of [27], where it was shown that there
exist only two conformally massless fields in five dimensions. The 5-dimensional Poincare´
mass operator vanishes identically
M2 = ηµνPµPν = 0 (8.13)
for the deformation of the minrep just as it did for the “undeformed” minrep. Thus we
shall refer to the minrep as the scalar singleton and its deformation as the spinor singleton.
They correspond to the conformally massless scalar and spinor fields in five dimensions.
Masslessness property of the momentum generators has a counterpart for the special
conformal generators Kµ:
ηµνKµKν = 0 (8.14)
in both “undeformed” and “deformed” minrep.
The corresponding constraints in the compact 3-grading of SO(5, 2) with respect to
the subgroup SO(5)× SO(2) ≈ USp(4)× U(1) are
B˜†M B˜
†
M = 0 ΩIKΩJLBIJBKL = 0 (8.15)
and
B˜M B˜M = 0 ΩIKΩJLBIJBKL = 0 (8.16)
that are valid for both the minrep and its spinorial deformation.
9 K-type decomposition of the deformed minimal unitary representation
of SO(5, 2)
In four- and six-dimensional conformal algebras, the minrep of the conformal group corre-
sponds to a massless scalar conformal field in the respective dimension, and one can obtain
all the irreducible representations that correspond to other massless conformal fields as
“deformations” of the minrep [1, 2]. In four dimensions one finds a continuous infinity of
massless conformal fields labelled by helicity, and in six dimensions one finds a discrete
infinity of massless conformal fields labelled by the spin t of an SU(2)T subgroup of the
little group SO(4) of massless particles.
The five-dimensional conformal group SO(5, 2), on the other hand, admits only two
singleton representations corresponding to five-dimensional massless scalar and spinorial
conformal fields. The minrep of SO(5, 2) corresponds to the scalar singleton representation
(given in section 7), and the “deformation” of the minrep labeled by the spin s = 1/2 of
the subgroup SU(2)S corresponds to the spinorial singleton representation. In this section
we shall give the K-type decomposition of the deformed minrep.
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Consider the Fock space of the a-type bosonic oscillators and the α-type fermionic
oscillators introduced in previous sections, whose vacuum state |0〉 is annihilated by all ai
and αr:
ai |0〉 = 0 (i = 1, 2, 3) αr |0〉 = 0 (r = 1, 2) (9.1)
A “particle basis” in this Fock space is provided by the states of the form
|n1, n2, n3 ; n˜1, n˜2〉 =
∏
i
∏
r
1√
ni!
(a†i )
ni(α†r)
n˜r |0〉 (9.2)
where ni are non-negative integers, and n˜r can be either 0 or 1. The Hilbert space of the
deformed minimal unitary representation of SO(5, 2) is spanned by tensor product states
of the form: ∣∣∣ψ(αg)n ; n1, n2, n3 ; n˜1, n˜2〉 (9.3)
Since the “spin” SU(2)S is realized in terms of two fermionic oscillators, in the Hilbert
space spanned by states of the form (9.3), there are two states that are singlets of USp(4)
with a definite eigenvalue E of H and are annihilated by all grade −1 generators B˜M ,
namely, the state ∣∣∣ψ(1)0 ; 0, 0, 0 ; 0, 0〉 = |Φ0,0〉 = x e−x2/2 |0〉 (9.4)
and the state ∣∣∣ψ(1)0 ; 0, 0, 0 ; 1, 1〉 = |Φ˜0,0〉 = x e−x2/2α†1α†2 |0〉 (9.5)
They are the lowest weight vectors of two copies of the minrep of SO(5, 2) with different
internal quantum numbers as will become manifest when we study the extension to the
superalgebra f(4).
In addition there exist four states that transform in the spinor representation of USp(4)
with a definite eigenvalue E and are annihilated by all the grade −1 generators. They are:
|Ψ+ 1
2
,0〉 = x2 e−x
2/2 α†1 |0〉+
1√
2
x e−x
2/2 (σ∗i )1s a
†
iα
†
s |0〉
|Ψ− 1
2
,0〉 = x2 e−x
2/2 α†2 |0〉+
1√
2
x e−x
2/2 (σ∗i )2s a
†
iα
†
s |0〉
|Ψ0,+ 1
2
〉 = x2 e−x2/2 α†1 |0〉 −
1√
2
x e−x
2/2 (σ∗i )1s a
†
iα
†
s |0〉
|Ψ0,− 1
2
〉 = x2 e−x2/2 α†2 |0〉 −
1√
2
x e−x
2/2 (σ∗i )2s a
†
iα
†
s |0〉
(9.6)
where the subscripts 0,±12 in Φ, Φ˜ and Ψ refer to the respective eigenvalues of A3 and A˚3
generators of SU(2)A and SU(2)A˚ subgroups of the rotation group SO(4) in five dimensions
as defined in equation (4.6). These four states, which we shall denote as
|ΩI〉 =
{
|Ψ+ 1
2
,0〉 , |Ψ− 1
2
,0〉 , |Ψ0,+ 1
2
〉 , |Ψ0,− 1
2
〉
}
, (9.7)
form and irrep of its compact subgroup USp(4) with the lowest eigenvalue of AdS6 energy.
– 22 –
The corresponding unitary representation of SO(5, 2) is the unique deformation of the
minrep.
The states of the “particle basis” of the deformed minrep are obtained by repeatedly
acting on |ΩI〉 with grade +1 operators in the C+ subspace of SO(5, 2).
B˜†M1 |ΩI〉 , B˜
†
(M1
B˜†M2)o |ΩI〉 , B˜
†
(M1
B˜†M2B˜
†
M3)o
|ΩI〉 , . . . . . . (9.8)
In Table 2, we give the “deformed” minrep of SO(5, 2), with the corresponding AdS
energy, SO(5) ≈ USp(4) irreps and USp(4) Dynkin labels. Clearly, this deformed minrep
of SO(5, 2) corresponds to the spinor singleton representation of SO(5, 2), similar to the
Dirac spinor singleton of SO(3, 2). In the context of the five-dimensional conformal group,
it corresponds to a massless spinor field.
Table 2: K-type decomposition of the deformed minimal unitary
representation of SO(5, 2) obtained from the lowest energy irrep
|ΩI〉 of USp(4). The AdS6 energy, dimension of SO(5) ≈ USp(4)
irrep and USp(4) Dynkin labels of each level are given.
States AdS6 Dim of Dynkin Labels
Energy SO(5) ≈ USp(4) of USp(4)
E
|ΩI〉 2 4 (1, 0)
B˜†M1 |ΩI〉 3 16 (1, 1)
B˜†(M1B˜
†
M2)o
|ΩI〉 4 40 (1, 2)
B˜†(M1B˜
†
M2
B˜†M3)o |ΩI〉 5 80 (1, 3)
...
...
...
...
B˜†(M1 . . . B˜
†
Mn)o
|ΩI〉 n+ 2 2(n+1)(n+2)(n+3)3 (1, n)
...
...
...
...
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10 Minimal unitary representation of the exceptional Lie superalgebra
F (4)
The superalgebra f(4) with the even subalgebra so(5, 2)⊕su(2) is the unique simple confor-
mal superalgebra in five dimensions. To construct the minimal unitary irreducible repre-
sentation of f(4) via the quasiconformal method, we start from its 5-graded decomposition
with respect to its subsuperalgebra d(2, 1; 2) ⊕ so(1, 1):
f(4) = g(−2) ⊕ g(−1) ⊕ g(0) ⊕ g(+1) ⊕ g(+2)
= 1B ⊕ (6B ⊕ 4F )⊕ [d(2, 1; 2) ⊕∆]⊕ (6B ⊕ 4F )⊕ 1B
(10.1)
The subsuperalgebra d(2, 1; 2) belongs to the continuous family of 17-dimensional Lie super-
algebras d(2, 1;α), and admits a 10-dimensional linear representation with 6 bosonic and 4
fermionic degrees of freedom. Grade ±1 generators of f(4) transform in this 10-dimensional
representation as indicated above. In our case the relevant real form of d(2, 1; 2) has the
even subalgebra su(2)⊕ su(2)⊕ su(1, 1).
In a previous section, we constructed the deformation of the minimal unitary repre-
sentation of SO(5, 2) by using α-type fermionic oscillators. Now we shall realize the SU(2)
subgroup outside SO(5, 2), which acts as the R-symmetry group, entirely in terms of the
same fermionic oscillators as follows:
T1 =
1
2
(
α†1α
†
2 + α2α1
)
T2 = − i
2
(
α†1α
†
2 − α2α1
)
T3 =
1
2
(
α†1α1 − α2α†2
)
(10.2)
They satisfy the commutation relations:
[Ti , Tj] = i ǫijk Tk (10.3)
The raising and lowering operators of this subalgebra will be denoted as T± = T1 ± i T2.
We shall denote this subalgebra as su(2)T and its quadratic Casimir as T 2:
C2 [su(2)T ] = T 2 = T12 + T22 + T32 (10.4)
This quadratic Casimir is related to that of su(2)S as
T 2 = 3
4
− S2 . (10.5)
We shall use the generator ∆ = 12 (xp+ px), first given in equation (3.6), as the
operator that defines the 5-grading, and identify the 6 even generators in grade −1 subspace
of f(4) with the generators Ui = x ai and U
†
i = x a
†
i of so(5, 2) given in equation (3.8).
Grade −2 generator K− = 12x2, given in equation (3.7), will also remain unchanged in the
extension to f(4).
The four supersymmetry operators in grade −1 subspace will be defined as follows:
Qr = xαr Q
†
r = xα
†
r (10.6)
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Under anti-commutation they form a super-Heisenberg algebra that closes into the grade
−2 generator K−.{
Qr , Q
†
s
}
= 2 δrsK− {Qr , Qs} =
{
Q†r , Q
†
s
}
= 0 (10.7)
Clearly (Q1, Q2) and (Q
†
2, Q
†
1) form doublets under SU(2)J , while (Q1, Q
†
2) and (Q2, Q
†
1)
form doublets under the R-symmetry group SU(2)T .
Grade +2 generator K+ also remains unchanged in the extension to f(4), as given
in equation (8.7), and the six even generators in grade +1 space are identified with the
generators Wi and W
†
i of so(5, 2) given in equation (8.9).
Now the four supersymmetry operators in grade +1 subspace can be obtained by taking
commutators between the generator K+ in grade +2 subspace and the supersymmetry
operators in grade −1 subspace:
Rr = −i [Qr , K+] R†r = −i
[
Q†r , K+
]
(10.8)
They have the following explicit form:
Rr = pαr − i
x
[
αr + (σi)rs
(
Li +
4
3
Si
)
αs
]
R†r = pα
†
r −
i
x
[
α†r − (σ∗i )rs
(
Li +
4
3
Si
)
α†s
] (10.9)
Commutators between these supersymmetry operators in grade +1 subspace and the
generator K− in grade −2 subspace produce the respective supersymmetry operators in
grade −1 subspace:
[Rr , K−] = −iQr
[
R†r , K−
]
= −iQ†r (10.10)
Under anti-commutation, these four supersymmetry operators in grade +1 subspace gen-
erate a super-Heisenberg algebra that closes into the grade +2 generator K+.{
Rr , R
†
s
}
= 2 δrsK+ {Rr , Rs} =
{
R†r , R
†
s
}
= 0 (10.11)
(R1, R2) and (R
†
2, R
†
1) form doublets under SU(2)J , while (R1, R
†
2) and (R2, R
†
1) form dou-
blets under the R-symmetry group SU(2)T .
The anti-commutators between the supersymmetry operators in grade −1 subspace
and those in grade +1 subspace close into even generators in grade 0 subspace:
{Qr , Rs} = −3i ǫrs T−{
Q†r , R
†
s
}
= 3i ǫrs T+
{
Qr , R
†
s
}
= δrs (∆− 3i T3) + i (σi)rs Ji{
Q†r , Rs
}
= δrs (∆ + 3i T3)− i (σ∗i )rs Ji
(10.12)
With respect to the compact generators J3 and T3, these eight supersymmetry opera-
tors in grade ±1 subspaces have the charges given in Table 3, which show their transfor-
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mation properties under SU(2)J × SU(2)T .
The remaining eight supersymmetry operators of f(4) reside in grade 0 subspace, and
they can be obtained by taking commutators between supersymmetry operators in grade
−1 (grade +1) subspace and even generators in grade +1 (grade −1) subspace. These
eight supersymmetry operators are bilinears of the a-type bosonic oscillators and the α-
type fermionic oscillators and are given as follows:
Σr = (σi)rs ai αs
Σ†r = (σ
∗
i )rs a
†
i α
†
s
Πr = (σi)rs a
†
i αs
Π†r = (σ
∗
i )rs ai α
†
s
(10.13)
With respect to the compact generators J3 and T3 and M0, these eight supersymme-
try operators in grade 0 subspace have the charges given in Table 4, which show their
transformation properties under SU(2)J × SU(2)T × SU(1, 1)M .
Table 3: J3 and T3 charges of grade ±1 supersymmetry operators
Q1 Q2 Q
†
1 Q
†
2 R1 R2 R
†
1 R
†
2
J3 − 12 + 12 + 12 − 12 − 12 + 12 + 12 − 12
T3 − 12 − 12 + 12 + 12 − 12 − 12 + 12 + 12
Table 4: J3, T3 and M0 charges of grade 0 supersymmetry oper-
ators
Σ1 Σ2 Σ
†
1 Σ
†
2 Π1 Π2 Π
†
1 Π
†
2
J3 − 12 + 12 + 12 − 12 − 12 + 12 + 12 − 12
T3 − 12 − 12 + 12 + 12 − 12 − 12 + 12 + 12
M0 − 12 − 12 + 12 + 12 + 12 + 12 − 12 − 12
The eight supersymmetry operators Σr, Σ
†
r, Πr and Π
†
r in grade 0 subspace, along
with the generators of SU(2)J , SU(1, 1)M and SU(2)T , form the subsuperalgebra d(2, 1; 2),
which is in the grade 0 subspace of f(4) in this 5-graded decomposition with respect to ∆.
Finally, we give below some of the remaining (super-)commutators of f(4) in this 5-
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grading:
[Ui , Rr] = i (σi)rsΣs[
Ui , R
†
r
]
= i (σ∗i )rsΠ
†
s
[Qr , Wi] = i (σi)rsΣs[
Q†r , Wi
]
= i (σ∗i )rsΠ
†
s
(10.14a)
[Ui , Σr] = 0[
Ui , Σ
†
r
]
= (σ∗i )rsQ
†
s
[Ui , Πr] = (σi)rsQs[
Ui , Π
†
r
]
= 0
[Wi , Σr] = 0[
Wi , Σ
†
r
]
= (σ∗i )rsR
†
s
[Wi , Πr] = (σi)rsRs[
Wi , Π
†
r
]
= 0
(10.14b)
{Qr , Σs} = 0{
Qr , Σ
†
s
}
= (σi)rs U
†
i
{Qr , Πs} = 0{
Qr , Π
†
s
}
= (σi)rs Ui
{Rr , Σs} = 0{
Rr , Σ
†
s
}
= (σi)rsW
†
i
{Rr , Πs} = 0{
Rr , Π
†
s
}
= (σi)rsWi
(10.14c)
11 Compact 3-grading of f(4)with respect to the subsuperalgebra osp(2|4)⊕
u(1)
The Lie superalgebra f(4) can be given a 3-graded decomposition with respect to its com-
pact subsuperalgebra C0 = osp(2|4) ⊕ u(1)H
f(4) = C− ⊕ C0 ⊕ C+ (11.1)
where
C− =
(
B˜1, . . . , B˜5
)
⊕ T− ⊕ 1
2
(Qr + iRr)⊕ Σr
C0 = H⊕ M˜MN ⊕
[
1
2
(K+ +K−) +M0 + 3T3
]
⊕ 1
2
(Qr − iRr)⊕ 1
2
(
Q†r + iR
†
r
)
⊕Πr ⊕Π†r
C+ =
(
B˜†1, . . . , B˜
†
5
)
⊕ T+ ⊕ 1
2
(
Q†r − iR†r
)
⊕ Σ†r
(11.2)
Note that B˜M , B˜
†
M and M˜MN are the generators that formed so(5, 2).
The u(1) generator H that defines the compact 3-grading of f(4) is given by
H = 1
2
(K+ +K−) +M0 + T3
=
1
4
(x− i p) (x+ i p) + 1
2x2
G+
1
2
a†iai +
1
2
α†rαr +
1
2
.
(11.3)
The subsuperalgebra osp(2|4) in C0 subspace has the even subalgebra of so(2)⊕usp(4).
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We shall denote this so(2) ≈ u(1) generator as
Z =
1
2
(K+ +K−) +M0 + 3T3 . (11.4)
Grade 0 supersymmetry generators, i.e. those that are in the subsuperalgebra osp(2|4),
shall be denoted as RI and RI where
RI = R†JΩJI (11.5)
Their explicit forms are given by
R1 =
[
1
2
(Q1 − iR1)− 1√
2
Π1
]
=
1
2
(x− i p)α1 − 1
2x
[
α1 + (σi)1s
(
Li +
4
3
Si
)
αs
]
− 1√
2
(σi)1s a
†
iαs
R2 = −
[
1
2
(Q2 − iR2)− 1√
2
Π2
]
= −1
2
(x− i p)α2 + 1
2x
[
α2 + (σi)2s
(
Li +
4
3
Si
)
αs
]
+
1√
2
(σi)2s a
†
iαs
R3 = i
[
1
2
(Q1 − iR1) + 1√
2
Π1
]
=
i
2
(x− i p)α1 − i
2x
[
α1 + (σi)1s
(
Li +
4
3
Si
)
αs
]
+
i√
2
(σi)1s a
†
iαs
R4 = −i
[
1
2
(Q2 − iR2) + 1√
2
Π2
]
= − i
2
(x− i p)α2 + i
2x
[
α2 + (σi)2s
(
Li +
4
3
Si
)
αs
]
− i√
2
(σi)2s a
†
iαs
(11.6a)
R1 =
[
1
2
(
Q†2 + iR
†
2
)
− 1√
2
Π†2
]
=
1
2
(x+ i p)α†2 +
1
2x
[
α†2 − (σ∗i )2s
(
Li +
4
3
Si
)
α†s
]
− 1√
2
(σ∗i )2s aiα
†
s
R2 =
[
1
2
(
Q†1 + iR
†
1
)
− 1√
2
Π†1
]
=
1
2
(x+ i p)α†1 +
1
2x
[
α†1 − (σ∗i )1s
(
Li +
4
3
Si
)
α†s
]
− 1√
2
(σ∗i )1s aiα
†
s
R3 = −i
[
1
2
(
Q†2 + iR
†
2
)
+
1√
2
Π†2
]
= − i
2
(x+ i p)α†2 −
i
2x
[
α†2 − (σ∗i )2s
(
Li +
4
3
Si
)
α†s
]
− i√
2
(σ∗i )2s aiα
†
s
R4 = −i
[
1
2
(
Q†1 + iR
†
1
)
+
1√
2
Π†1
]
= − i
2
(x+ i p)α†1 −
i
2x
[
α†1 − (σ∗i )1s
(
Li +
4
3
Si
)
α†s
]
− i√
2
(σ∗i )1s aiα
†
s
(11.6b)
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The canonical commutation relations of the osp(2|4) subsuperalgebra are as follows:
[UIJ , UKL] = ΩJK UIL +ΩIK UJL +ΩJLUIK +ΩILUJK
{RI , RJ} = 0{RI , RJ} = 0{RI , RJ} = ΩIJ Z − UIJ
[Z , RI ] = −RI[Z , RI] = +RI
[UIJ , RK ] = ΩJK RI +ΩIK RJ[
UIJ , RK
]
= ΩJK RI +ΩIK RJ
(11.7)
The supersymmetry operators that belong to grade −1 subspace and those that belong
to grade +1 subspace shall be denoted by QI and QI , respectively, where
QI = Q†JΩJI (11.8)
which have the following explicit expressions:
Q1 =
[
1
2
(Q1 + iR1) +
1√
2
Σ1
]
=
1
2
(x+ i p)α1 +
1
2x
[
α1 + (σi)1s
(
Li +
4
3
Si
)
αs
]
+
1√
2
(σi)1s aiαs
Q2 = −
[
1
2
(Q2 + iR2) +
1√
2
Σ2
]
= −1
2
(x+ i p)α2 − 1
2x
[
α2 + (σi)2s
(
Li +
4
3
Si
)
αs
]
− 1√
2
(σi)2s aiαs
Q3 = −i
[
1
2
(Q1 + iR1)− 1√
2
Σ1
]
= − i
2
(x+ i p)α1 − i
2x
[
α1 + (σi)1s
(
Li +
4
3
Si
)
αs
]
+
i√
2
(σi)1s aiαs
Q4 = i
[
1
2
(Q2 + iR2)− 1√
2
Σ2
]
=
i
2
(x+ i p)α2 +
i
2x
[
α2 + (σi)2s
(
Li +
4
3
Si
)
αs
]
− i√
2
(σi)2s aiαs
(11.9a)
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Q1 =
[
1
2
(
Q†2 − iR†2
)
+
1√
2
Σ†2
]
=
1
2
(x− i p)α†2 −
1
2x
[
α†2 − (σ∗i )2s
(
Li +
4
3
Si
)
α†s
]
+
1√
2
(σ∗i )2s a
†
iα
†
s
Q2 =
[
1
2
(
Q†1 − iR†1
)
+
1√
2
Σ†1
]
=
1
2
(x− i p)α†1 −
1
2x
[
α†1 − (σ∗i )1s
(
Li +
4
3
Si
)
α†s
]
+
1√
2
(σ∗i )1s a
†
iα
†
s
Q3 = i
[
1
2
(
Q†2 − iR†2
)
− 1√
2
Σ†2
]
=
i
2
(x− i p)α†2 −
i
2x
[
α†2 − (σ∗i )2s
(
Li +
4
3
Si
)
α†s
]
− i√
2
(σ∗i )2s a
†
iα
†
s
Q4 = i
[
1
2
(
Q†1 − iR†1
)
− 1√
2
Σ†1
]
=
i
2
(x− i p)α†1 −
i
2x
[
α†1 − (σ∗i )1s
(
Li +
4
3
Si
)
α†s
]
− i√
2
(σ∗i )1s a
†
iα
†
s
(11.9b)
The remaining commutation relations of the superalgebra f(4) are given below:{QI , QJ} = ΩIJ (3H− 2Z) + UIJ (11.10a)
{QI , RJ} = +3ΩIJ T−{QI , RJ} = −BIJ
[Z , QI ] = −2QI
[UIJ , QK ] = ΩJK QI +ΩIK QJ
[UIJ , T+] = 0
{RI , QJ} = −3ΩIJ T+{RI , QJ} = +BIJ[Z , QI] = +2QI[
UIJ , QK
]
= ΩJK QI +ΩIK QJ
[UIJ , T−] = 0
(11.10b)
It should be noted that, among the four supersymmetry operators of C± subspaces,
the following relations hold:
ΩIJQIQJ = 0 ΩIJQIQJ = 0 (11.11)
12 Minimal unitary supermultiplet of F (4)
In the Hilbert space spanned by the tensor product states of the form (9.3), there exists
a unique lowest weight vector that is annihilated by all grade −1 generators BIJ , T− and
QI in the compact 3-grading and is a singlet of the compact subsuperalgebra osp(2|4) with
definite eigenvalue of H, namely the lowest weight vector of the minrep of SO(5, 2) which
we labelled as |Φ0,0〉 in equation (9.4):
|Φ0,0〉 = |ψ(αg=1)0 〉 = C0 x e−x
2/2 |0〉 , (12.1)
where |0〉 is the Fock vacuum of the a-type bosonic oscillators and the α-type fermionic
oscillators.
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By acting on |Φ0,0〉 with the operators BIJ , T+ and QI in grade +1 subspace C+
repeatedly, one obtains an infinite set of states which forms a basis for the minimal unitary
irreducible representation of f(4). This infinite set of states can be decomposed into a finite
number of irreducible representations of the even subgroup SO(5, 2) × SU(2)T , with each
irrep of SO(5, 2) corresponding to a massless conformal field in five dimensions. In Table 5,
we present the minimal unitary supermultiplet of f(4) corresponding to this unique lowest
weight vector |Φ0,0〉. We should note that the action of BIJ moves one within an irrep of
SO(5, 2) and action of T+ moves one within the internal symmetry group SU(2)T . On the
other hand, with the action of the supersymmetry operators QI of grade +1 subspace C+,
one moves between different irreps of SO(5, 2) that make up the supermultiplet.
Table 5: Minimal unitary supermultiplet of f(4). The AdS energy
E, spin t of the R-symmetry group SU(2)T , and the USp(4) Dynkin
labels of each level are given.
States of the AdS SU(2)T Labels Dynkin Labels
Lowest Energy Energy (t, t3) of USp(4)
USp(4) Irreps E
|Φ0,0〉 32 (12 ,− 12 ) (0, 0)
QI |Φ0,0〉 2 (0, 0) (1, 0)
T+ |Φ0,0〉 32 (12 ,+ 12 ) (0, 0)
Therefore, interpreted as the N = 2 superconformal algebra in five dimensions, the
minimal unitary supermultiplet of f(4) corresponds to a supermultiplet of fields consisting
of two copies of the scalar singleton transforming as a doublet of the R-symmetry group
SU(2)T and a singlet of the spinor singleton of SO(5, 2).
4 Labeling the doublet of massless
conformal scalar fields as Φr(0,0)(x
µ) (r = 1, 2) and the massless spinor field as Ψ(1,0)(x
µ)
we have the minimal superconformal multiplet of F (4) as:
Ψ(1,0)(x
µ) ⊕ Φr(0,0)(xµ) (12.2)
where the subscripts indicate the Dynkin labels of the Lorentz group USp(2, 2).
13 AdS6/CFT5 bosonic higher spin algebra and its deformation
The AdSd/CFT(d−1) higher spin algebra of Fradkin-Vasiliev type corresponds simply to the
universal enveloping algebra of SO(d, 2) quotiented by its Joseph ideal [9, 10, 13–15, 28].
The Joseph ideal of a Lie algebra g is a two-sided ideal that annihilates its minimal unitary
4In Appendix B we give the interwiner between compact and noncompact bases and explain how to
determine the massless conformal fields corresponding to the unitary irreducible representations of SO(5, 2).
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representation. We shall denote the corresponding higher spin algebra as hs(d− 1, 2):
hs(d− 1, 2) = U (d− 1, 2)
J (d− 1, 2) (13.1)
where U (d−1, 2) is the universal enveloping algebra of so(d−1, 2) and J (d−1, 2) denotes
its Joseph ideal.
An explicit formula for the generators of this ideal for SO(d − 1, 2) was given by
Eastwood [28]:
JABCD =MABMCD −MAB ⊚MCD − 1
2
[MAB , MCD] +
(d− 3)
4d(d − 1) 〈MAB ,MCD〉1
=
1
2
MAB ·MCD −MAB ⊚MCD + (d− 3)
4d(d − 1) 〈MAB ,MCD〉1
(13.2)
where the dot · denotes the symmetric product of the generators MAB of so(d− 1, 2)
MAB ·MCD =MABMCD +MCDMAB , (13.3)
〈MAB ,MCD〉 is the Killing form of SO(d− 1, 2) given by
〈MAB ,MCD〉 = 2(d− 1)
(d+ 1)(3 − d)MEFMGH
(
ηEGηFH − ηEHηFG) (ηACηBD − ηADηBC)
(13.4)
where ηAB denotes the SO(d−1, 2) invariant metric, and the symbol ⊚ denotes the Cartan
product of two generators [29]:
MAB ⊚MCD =
1
3
MABMCD +
1
3
MDCMBA +
1
6
MACMBD
− 1
6
MADMBC +
1
6
MDBMCA − 1
6
MCBMDA
− 1
2(d− 1)
(
MAEM
E
C ηBD −MBEM EC ηAD
+MBEM
E
D ηAC −MAEM ED ηBC
)
− 1
2(d− 1)
(
MCEM
E
A ηBD −MCEM EB ηAD
+MDEM
E
B ηAC −MDEM EA ηBC
)
+
1
d(d− 1)MEFM
EF (ηACηBD − ηBCηAD)
(13.5)
For SO(5, 2) the generator of the Joseph ideal takes the form:
JABCD =
1
2
MAB ·MCD −MAB ⊚MCD − 1
40
〈MAB ,MCD〉 (13.6)
As was shown by Vasiliev [14] the bosonic higher spin fields correspond to tensorial
fields, which under the adjoint action of SO(d − 1, 2), transform in representations whose
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Young tableaux have two rows only5. On the other hand the enveloping algebra U (so(d−
1, 2) is obtained by taking symmetric tensor products of the generators that transform in
the adjoint representation whose Young tableau is
MAB ∼ (13.7)
Symmetric tensor product of the adjoint representation of SO(5, 2) decomposes as
(21× 21)S = 1+ 27+ 35+ 168 (13.8)
where the singlet corresponds to the quadratic Casimir, 27 to the symmetric traceless
tensor and 35 to the completely antisymmetric tensor of rank 4. Modding out by the
Joseph ideal removes all but the representation 168 corresponding to the window diagram
168 ≃ (13.9)
Higher symmetric products yield operators whose Young tableaux have two rows only after
modding out by the Joseph ideal
· · ·
· · ·
︸ ︷︷ ︸
n boxes
(13.10)
Since Eastwood’s results are written in SO(5, 2)-covariant form, let us list the gener-
ators that extend the Lie algebra of SO(4, 1) given in equation (4.4) to those of SO(5, 2)
as given in Appendix A.1:
M05 =
1
2
(P0 −K0) M06 = 1
2
(P0 +K0)
M15 =
1
2
(P1 −K1) M16 = 1
2
(P1 +K1)
M25 =
1
2
(P2 −K2) M26 = 1
2
(P2 +K2)
M35 =
1
2
(P3 −K3) M36 = 1
2
(P3 +K3)
M45 =
1
2
(P4 −K4) M46 = 1
2
(P4 +K4)
M56 = −D
(13.11)
Inserting the generators for the minimal unitary representation of so(5, 2) constructed
using quasiconformal methods into the expression for the generator JABCD of Joseph ideal
one finds that it vanishes identically as an operator. Therefore taking the enveloping algebra
5Uniqueness of the bosonic higher spin symmetries in various dimensions using Young-tableaux tech-
niques was studied in [30]. However their analysis does not cover the case of AdS6/CFT5 higher spin
symmetries.
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of the corresponding minimal unitary realization yields directly the AdS6/CFT5 higher spin
algebra in complete parallel to the situation for the AdS5/CFT4 and AdS7/CFT6 higher
spin algebras [9, 10]. The generators of the infinite higher spin algebra then decompose
under the finite dimensional subalgebra so(5, 2) as
⊕ ⊕ ... ⊕ · · ·
· · · ⊕ .... (13.12)
For the deformed minrep of SO(5, 2), obtained above via quasiconformal methods, the
Joseph ideal does not vanish identically as an operator. More specifically for the deformed
minimal unitary representation, the symmetric traceless operator occurring in the tensor
product of two generators of so(5, 2) corresponding to the tableau still vanishes:
ηCDMAC ·MDB = 0 (13.13)
However the operator corresponding to the Young tableaux does not vanish for the
deformed minimal unitary representation. To see how the Joseph ideal gets deformed, we
rewrite the generators of the Joseph ideal in a 5d Lorentz-covariant form as was done for
the AdS5/CFT4 and AdS7/CFT6 higher spin algebras in [9, 10].
First we have the conditions:
P 2 = PµPµ = 0 , K2 = KµKµ = 0 (13.14)
which are valid for both the scalar minrep as well as the spinorial minrep of SO(5, 2).
The quadratic relations that define the Joseph ideal in the SO(4, 1)-covariant basis are as
follows:
5D · D +Mµν · Mµν + 3
2
Pµ · Kµ = 0 (13.15)
Pµ · (Mµν + ηµν D) = 0 (13.16)
Kµ · (Mνµ − ηνµD) = 0 (13.17)
ηµνMµρ · Mνσ − P(ρ · Kσ) + 3 ηρσ = 0 (13.18)
Mµν ·Mρσ +Mµσ · Mνρ +Mµρ ·Mσν = 0 (13.19)
D ·Mµν + P[µ · Kν] = 0 (13.20)
M[µν · Pρ] = 0 (13.21)
M[µν · Kρ] = 0 (13.22)
where the dilatation generator D is identified asM65 and symmetrizations (round brackets)
and anti-symmetrizations (square brackets) are done with weight one.6 The above identities
6We should stress that the dot product of two operators A and B is defined as A ·B = AB +BA.
– 34 –
are all valid for the minimal unitary realization of SO(5, 2). However when we substitute
the expressions for the generators of the deformed minrep of SO(5, 2) involving fermionic
oscillators, one finds that only the first three equations above remain unchanged. The
fourth equation above gets modified as follows:
ηµνMµρ · Mνσ − P(ρ · Kσ) −
(
4
3
S2 − 3
)
ηρσ = 0 (13.23)
where S2 is the Casimir of SU(2)S realized as bilinears of the fermionic oscillators. Simi-
larly, the remaining four identities above get modified by spin-dependent terms involving
fermionic oscillators.
By replacing the fermionic oscillator realization of SU(2)S generators by the two di-
mensional Pauli matrices Si = σi/2 above one obtains the spinor singleton realization by
itself whose enveloping algebra then defines a deformed AdS6/CFT5 higher spin algebra
for which the deformed Joseph ideal vanishes identically.
14 Unique AdS6/CFT5 higher spin superalgebra as enveloping algebra
of the minimal unitary representation of F (4)
Any definition of a higher spin superalgebra must have, as a subalgebra, the bosonic higher
spin algebra based on the even subalgebra of the underlying finite-dimensional subsuper-
algebra. Hence shall define the higher spin AdS6/CFT5 superalgebra as the enveloping
algebra of the quasiconformal realization of the minimal unitary representation of the su-
peralgebra f(4), which has as subalgebras the bosonic higher spin algebra defined by the
scalar singleton as well as the deformed higher spin algebra defined by the spinor singleton
in five dimensions. To exhibit the structure of the resulting higher spin superalgebra we
shall reformulate the minimal unitary realization of f(4) in an SO(5, 2)-covariant basis.
For this we first choose the SO(5, 2) gamma-matrices (ΓA)
α
β (A = 0, . . . , 6) as follows:
(Γ0)
α
β = i σ2 ⊗ I4 =
(
0 I4
−I4 0
)
(ΓM )
α
β = σ3 ⊗ γM =
(
γM 0
0 −γM
)
(Γ6)
α
β = −i σ1 ⊗ I4 =
(
0 −i I4
−i I4 0
) (14.1)
where γM are the SO(5) gamma-matrices given in equation (5.11),M = 1, . . . , 5, and α, β =
1, . . . , 8 are the spinor indices of SO(5, 2). The symmetric SO(5, 2) charge conjugation
matrix is chosen to be
(C7)αβ = (C7)αβ = −σ2 ⊗ I2 ⊗ σ2 = i σ2 ⊗ C5 (14.2)
With the above choices, we find that all the matrices (C7ΓA)αβ and (C7 [ΓA , ΓB])αβ are
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antisymmetric. The spinor representation of SO(5, 2) is then realized by the matrices
ΣAB =
i
4
[ΓA , ΓB] . (14.3)
which satisfy commotion relations
[ΣAB , ΣCD] = i (ηBCΣAD − ηACΣBD − ηBDΣAC + ηADΣBC) (14.4)
where ηAB = diag (−,+,+,+,+,+,−).
The 16 supersymmetry generators of F (4) transform as two eight dimensional spinors
Ξα, Ξα of SO(5, 2) and are defined as
Ξα =
(
QI
−iRI
)
Ξα =
(
RI
−iQI
)
(14.5)
where I = 1, 2, 3, 4 is the USp(4) spinor index. Under commutation with SO(5, 2) genera-
tors MAB they satisfy:
[MAB , Ξα] = − (ΣAB)αβ Ξβ
[
MAB , Ξα
]
= − (ΣAB)αβ Ξβ (14.6)
Under anticommutation, they close into SO(5, 2) and SU(2)T generators as follows:
{Ξα , Ξβ} = −3i (C7)αβ T−{
Ξα , Ξβ
}
= +3i (C7)αβ T+{
Ξα , Ξβ
}
= iMAB
(
ΣABC7
)
αβ
+ 3i (C7)αβ T3
(14.7)
Defining the SU(2)T doublet of SO(5, 2) supersymmetry generators
Ξα = Ξ
1
α Ξα = Ξ
2
α (14.8)
the above anticommutation relations can be recast in an SU(2)T covariant form:{
Ξrα , Ξ
s
β
}
= iǫrsMAB
(
ΣABC7
)
αβ
+ 3i (C7)αβ (iσ2σi)rs Ti (14.9)
where ǫrs is the two dimensional Levi-Civita tensor and r, s = 1, 2 are the SU(2)T spinor
indices. The expressions for the SO(5, 2) generators MAB in terms of the generators in the
noncompact 3-grading and the compact 3-grading are collected in Appendix A.
The higher spin AdS6/CFT5 algebra defined by f(4) has, as a subalgebra, the envelop-
ing algebra of the SO(5, 2) subalgebra spanned by symmetric products of the generators
MAB . It also has, as a subalgebra, the enveloping algebra of SU(2)T spanned by the sym-
metric products of the generators Ti, which is finite-dimensional and consists of Ti and
the quadratic Casimir element T 2. The additional even elements of the higher spin super-
algebra are given by products of the elements of the enveloping algebras of SO(5, 2) and
of SU(2)T with antisymmetric products of an even number of supersymmetry generators
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Ξrα. The odd elements of the higher spin algebra are given by products of the generators
of the enveloping algebras of SO(5, 2) and SU(2)T with antisymmetric products of an odd
number of supersymmetry generators Ξrα.
15 Comments
The results obtained in this paper on the minimal unitary representations of SO(5, 2) and
of the exceptional superalgebra F (4) and the AdS6/CFT5 higher spin (super)algebras can
be further developed and applied in several directions. First is the construction of bosonic
higher theory in AdS6 in terms of covariant fields based on the minrep of SO(5, 2) and
its supersymmetric extension based on the minrep of F (4). Our results are also relevant
to AdS6/CFT5 dualities studied in references [31–34] and their extensions to higher spin
theories. Yet another application is to integrable spin chain models related to conformally
invariant (super)-symmetric field theories in five dimensions.
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Appendices
A Relations between the generators in noncompact 3-grading and com-
pact 3-grading
The generators MAB (A,B = 0, . . . , 6) of so(5, 2) algebra can be expressed in terms of the
generators in the noncompact 3-grading (i.e. five-dimensional conformal generators) D,
Mµν , Pµ, Kµ (µ, ν = 0, . . . , 4) and the generators in the compact 3-grading H, M˜MN , B˜†M ,
B˜M (M,N = 1, . . . , 5) as follows:
M0i =M0i = 1
2
(
B˜†i + B˜i
)
M04 =M04 = 1
2
(
B˜†4 + B˜4
)
Mij =Mij = M˜ij
Mi4 =Mi4 = M˜i4
M05 =
1
2
(P0 −K0) = 1
2
(
B˜†5 + B˜5
)
Mi5 =
1
2
(Pi −Ki) = M˜i5
M45 =
1
2
(P4 −K4) = M˜45
M56 = −D = i
2
(
B˜†5 − B˜5
)
M06 =
1
2
(P0 +K0) = H
Mi6 =
1
2
(Pi +Ki) = i
2
(
B˜†i − B˜i
)
M46 =
1
2
(P4 +K4) = i
2
(
B˜†4 − B˜4
)
(A.1)
Note that i, j = 1, 2, 3.
They satisfy the canonical commutation relations
[MAB , MCD] = i (ηBCMAD − ηACMBD − ηBDMAC + ηADMBC) (A.2)
where ηAB = diag (−,+,+,+,+,+,−).
B The “intertwiner” between compact and non-compact 3-graded bases
of SO(5, 2)
Consider the “intertwiner” operator
T = e
pi
2
M05 (B.1)
– 38 –
where M05, as defined in equation (A.1), is simply M05 =
1
2 (P0 −K0). When acting on
SO(5, 2) generators in the manifestly unitary compact three-grading
so(5, 2)c = B˜M ⊕
[
H , M˜MN
]
⊕ B˜†M (B.2)
this operator T intertwines them into the corresponding generators in the five-dimensional,
manifestly Lorentz-covariant, noncompact three-graded basis
so(5, 2)nc = Kµ ⊕ [D , Mµν ] ⊕ Pµ (B.3)
More specifically we have
T B˜M T
−1 −→ Kµ
T B˜†M T
−1 −→ Pµ
T M˜MN T
−1 −→Mµν
T H T−1 −→ D
(B.4)
such that M,N = 1, 2, 3, 4 −→ µ, ν = 1, 2, 3, 4 and M = 5 −→ µ = 0.
Acting with T on states |Ω(m,n)(0)〉 that transform covariantly under USp(4) with
Dynkin labels (m,n) in the compact 3-grading, one obtains states |Φ(m,n)(0)〉 that trans-
form covariantly under the Lorentz group USp(2, 2) with the same Dynkin labels
T
∣∣Ω(m,n)(0)〉 −→ ∣∣Φ(m,n)(0)〉 (B.5)
For states
∣∣Ω(m,n)(0)〉 that belong to the lowest energy irrep, one finds that the corre-
sponding state
∣∣Φ(m,n)(0)〉 = T ∣∣Ω(m,n)(0)〉 in the noncompact picture is annihilated by the
special conformal generators:
B˜M
∣∣Ω(m,n)(0)〉 = 0 =⇒ T B˜M T−1 T ∣∣Ω(m,n)(0)〉 = 0 −→ Kµ ∣∣Φ(m,n)(0)〉 = 0 (B.6)
Then by acting on these covariant states
∣∣Φ(m,n)(0)〉 with e−ixµPµ , one forms coherent
states that are labelled by the coordinates xµ:
e−ix
µPµ
∣∣Φ(m,n)(0)〉 = ∣∣Φ(m,n) (xµ)〉 (B.7)
These coherent states transform exactly like the states generated by the action of conformal
fields Φ(m,n) (x
µ) on the vacuum |0〉:
Φ(m,n) (x
µ) |0〉 = ∣∣Φ(m,n) (xµ)〉 (B.8)
C Compact 5-grading of f(4)with respect to the subalgebra usp(4)⊕su(2)⊕
u(1)
With respect to the compact generator
H =
1
2
(3H −Z) (C.1)
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where H is the conformal Hamiltonian, f(4) has a 5-grading as follows:
f(4) = C(−1) ⊕ C(−1/2) ⊕ [usp(4)⊕ su(2)T ⊕ u(1)H ]⊕ C(+1/2) ⊕ C(+1)
= BIJ ⊕
(QI , RI )⊕ [H , UIJ , T±,0 ]⊕ (QI , RI )⊕ BIJ (C.2)
D Noncompact 5-grading of f(4) with respect to the subalgebra so(4, 1)⊕
su(2)T ⊕ so(1, 1)
With respect to the dilatation generator
D = 1
2
[∆− i (M+ −M−)]
given in equation (4.2), the five-dimensional conformal superalgebra f(4) has a noncompact
5-grading in a manifestly SO(4, 1) covariant form:
f(4) = N(−1) ⊕N(−1/2) ⊕ [so(4, 1) ⊕ su(2)T ⊕ so(1, 1)D ]⊕N(+1/2) ⊕N(+1)
= Kµ ⊕ RIr ⊕ [D , Mµν , T±,0 ] ⊕ QIr ⊕ Pµ
(D.1)
where µ, ν = 0, 1, 2, 3, 4; I = 1, 2, 3, 4; and r = 1, 2. In this basis, Mµν are the generators
of the five-dimensional Lorentz group Spin(4, 1) ≈ USp(2, 2). Grade −1 generators Kµ
are the special conformal generators and grade +1 generators Pµ are the translations
in five dimensions. The generators RIr of grade −12 subspace are the special conformal
supersymmetry generators, and the generators QIr of grade +
1
2 subspace are the Poincare´
supersymmetry generators.
E Indices used in the paper
Here we give a list of indices we used in this paper and their ranges:
i, j, k, l = 1, 2, 3
a, b, c, d = 1, 2
µ, ν, ρ, τ = 0, 1, 2, 3, 4
M,N,P,Q = 1, 2, 3, 4, 5
I, J,K,L = 1, 2, 3, 4
A,B,C,D,E, F = 0, . . . , 6
r, s = 1, 2
α, β = 1, . . . , 8
SU(2)L vector indices
Sp(2,R) spinor indices
SO(4, 1) vector indices
SO(5) vector indices
USp(4) or USp(2, 2) spinor indices
SO(5, 2) vector indices
SU(2)T spinor indices
SO(5, 2) spinor indices
(E.1)
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